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Higher order Painleve equations invariant under extended affine Weyl groups 
An are obtained through self-similarity limit of a class of pseudo-differential Lax 
hierarchies with symmetry inherited from the underlying generalized Volterra lattice 
structure. 
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1 Introduction 



This paper investigates a self-similarity limit of a special class of pseudo-differential 
Lax hierarchies of the constrained KP hierarchy with symmetry structure defined 
by Backlund transformations induced by a discrete structure of Volterra type lat- 
tice. The underlying integrable hierarchy is realized in terms of 2M Lax coeffi- 
cients ej, Q, % — 1, . . ., M forming M "Darboux-Poisson" canonical pairs with respect 
to the second Gelfand-Dickey bracket of the underlying constrained Kadomtsev- 
Petviashvili (KP) hierarchy. 

It is shown that in the self-similarity limit the second i^-flow equations of that 
hierarchy transform to the higher order Painleve equations : 

/• = fi (fi+x ~ fi+2 + fi+s ~ fi+4 + ■ ■ ■ ~ fi-i) +a it i = 0, 1, . . . , 2M (1.1) 

under a change of variables from e^, q, % = 1, . . ., M to fi, i = 1, . . ., 2M, which 
is described in subsection 14.11 Equation (11. ip introduced fo = — Yli=i fi ~~ % x an d 
constants aj satisfying Yli=o a i = ~ The system satisfies periodicity conditions 
fiM+i = fi-i,®2M+i = CKi-i, * = 0, 1, 2, . . ., 2M. These equations are invariant 
under Backlund transformations forming the extended affine Weyl group A^lj. The 
extended affine Weyl group An is generated by n + 1 transformations s , Si, . . ., s n 
in addition to cyclic permutation tt which together satisfy relations 

SiSjSi = SjSiSj (j = i±l), SiSj = SjSi (j^i±l) 

IT Si = S i+1 7l, 7T n+1 = 1, s] = 1 . 

The symmetric Painleve equations with their extended affine Weyl symmetry group 
An^ first appeared in Adler's paper [1] in the setting of periodic dressing chains and 
later were discussed in great details by Noumi and Yamada (HI E] (see also [TO]). 

Imposing second-class constraints on the second KP Poisson bracket structure 
via Dirac scheme reduces a number of 2M Lax coefficients to 2M — 1 (or in general 
2M — k) coefficients and via self-similarity reduction reproduces Painleve equations 
with the extended affine Weyl symmetry A^m-i- Here we just present results of 
the special case of the extended affine Weyl symmetry A3 and the corresponding 
Painleve V equation. 

In section |2] we present the underlying integrable Lax hierarchy focusing on 
the second flow equations and Backlund transformation keeping the Lax equations 
invariant. In Section |3] the self-similarity limit is taken and Hamiltonians governing 
the £2 flow equations in this limit are derived. Next, in Section H] the Hamiltonians 
found in Section [3] are shown to reproduce Hamiltonian structure of the higher 
Painleve equations invariant under the extended affine Weyl symmetry A^ when 
expressed in terms of canonical variables. This is illustrated for special cases of 
M = 1,2,3 for which the generators of the extended affine Weyl symmetry group 
are derived from the Backlund transformation of Section [2j The Dirac reduction 
scheme when applied on the original integrable KP hierarchy allows reducion of the 
model with symmetry down to a model characterized by ^4m-i symmetry. 
This is illustrated in Section |5] for M = 2 when the reduced model is nothing but 
the Painleve V system. Concluding comments are given in Section |6j 
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2 The Integrable Hierarchy, its Second Flow and 
Generalized Volterra Symmetry Structure 

2.1 A "half-integer" Lattice 

It is well-known that symmetry of many continuum KP-type hierarchies are governed 
by discrete lattice-like structures. A standard example is provided by the AKNS 
hierarchy and the Toda lattice structure of its Backlund transformations leading 
to Hirota type equations for the Toda chain of tau-functions J2J. There also exists 
the so-called two-boson formulation of the AKNS hierarchy which is invariant under 
symmetry transformations on a "half-integer" lattice which generalizes Toda lattice 
[2]. We now present a general "half- integer" lattice (or the generalized Volterra 
lattice) following closely reference [3]. The foundation of this formalism rests on two 
spectral equations: 

M 

A 17 ' * n+ I = + 4°il*n + £ ^n- P+ ^n- P (2.1) 

p=l 

A 17 ' *n = + #^n-I (2-2) 

and "time" evolution equations: 

$ n+ , = {d-B^-A^ n _, ; * n+1 = (d - fl<°> - 4 j.i) *n (2.3) 

which both involve objects labeled by integers and half-integers. After removing the 
term Y^=\ ^n-p+i^n-p from equation ( 12. ip the above system yields the Volterra 
chain equations. For that reason we will refer to equations (j2.ip - (12.3p as a general- 
ized Volterra system. As shown in [3] , upon eliminating the half-integer modes, the 
generalized Volterra system ( 12 . 1 [) ( |273|) reduces to the Toda lattice equations. From 
d2HD (EI3D we find: 



d - B?) + £ A { :l p+1 (d - B^ p - 4Vi 
p=l 

•■•(a-Bfx-^)- 1 )*™ 



(2.4) 



and 

\ 1/2 *n=(d-AM)* n _ h (2.5) 

Eliminating half-integer modes from the last two relations yields a spectral equation 
of a form 

W n = 4 M+1 )* n (2.6) 
with Lax operator L„ given by recurrence relation: 
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where 

M 

L<p = d+^A^id+B^-B^-A^r ■ ■ ■ (d+B^-B^-A^r (2.8) 
p=i 

Using equation (I2.5P it is easy to shift the spectral equation (12. 6 j) to the half-integer 
lattice: 

A$„_i = L[ M+1) = (9 - ^J)" 1 - ^ 0) ) (2.9) 

The similarity transformation responsible for transformation from integer to half- 
integer lattice will be shown below to play a central role as a Backhand transforma- 
tion of the higher order Painleve equations. 

2.2 Basic facts about 2M-bose constrained KP hierarchy 

The recurrence relation ( 12. 7ft is realized by the 2M-bose constrained KP hierarchy 
with Lax operators Lm, M — 1,2, ... : 

L M = (d - e M ) \\ \d-e k 

k=M-l \ 
M / M \ _1 

xJI ld-e k -J2ci\ 

k=l \ l=k / 

given here in terms of the "Darboux-Poisson" canonical pairs (c^efc)^. Recall 
that the KP hierarchy is endowed with bi-Hamiltonian Poisson bracket structures 
resulting from the two compatible Hamiltonian structures on the algebra of pseudo- 
differential operators. Remarkably, for the above Lax hierarchy the second bracket of 
hierarchy is realized in terms of (ck, ek)}f=i as a Heisenberg Poisson bracket algebra: 

{e i {x),c j {y)} 2 = -8 ij 8 x {x-y), i,j = l,2,...,M (2.11) 

The Lax operator ( 12.101) realizes the recursive relation ( 12. 71) rewritten in this context 
as follows: 

L M = e$ CM (d + c M - e M ) L M -i (0 - e M y l e~ $ c ™ , L = d (2.12) 

for M = 1,2,.... The corresponding second flow equations can be obtained from 
the second bracket structure as follows 

f^ = {7,# 2 } 2 , (2.13) 

where the Hamiltonian H 2 is an integral of the coefficient U\(M) appearing in front 
of d~ 2 in the Lax operator (12.121) when cast in a conventional KP form : 

L M = d + u {M)d- 1 + Ul (M)d- 2 + ... 



i=k+i / \ i=i / 

(2.10) 
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As a consequence of equation (12.121) we obtain the recursive relations for the coeffi- 
cients : 

Uo(M) = u (M - 1) + (e' M + e M c M ) 

u x {M) = u x {M - 1) + u' (M - 1) + 2u (M - l)c M + {e' M + e M c M ) (e M + c M ) . 
with solutions 

M 



u 



(M) = « + 



i=i 

M-l M-l M 



U X (M) = J2 ( M ~ l ) ( e 'i + e i C i)' + 2 53 n o(OQ+l + 53 ^ + e i°i) ( e i + C i) 
i=l i=l i=l 

The Darboux-Backlund transformation of the Lax operator Lm defined in equation 
(12.101) takes a form 

L M (d - e M ) _1 L M (d - e M ) 

and since cm ~ A$ we see from equation f 12 . 5 ft that it represents transformation on 
the Volterra lattice from integer modes to half-integer modes. In terms of coefficients 
this results for coefficients with highest indices in : 

cm) = e M -i + c M , g[c M ) = -e M -i + e M 

cm 

g{e M -i> = e M -2 + e M -i - e M + c M + c M -i H 

c M (2.14) 

-e M -i + e M - c M - c M -i - ^ 

g{c M -i) = -cm-2 + e M -i - —, — 

\-cm-i + c M - c M - c M -i - ^ 

in addition to 

(m \ M / m \ M 

e* + 53 c, J = e fc _! + J] c u 2 < k < M, g I e x + 53 c i I = 53 ° l ' {21 ^ 

l=k+l J l=k \ 1=2 J 1=1 

For a special example of the so-called two Bose system with M = 1 (which below will 
be shown to correspond to the symmetric Painleve IV equations) the Lax operator 
is: 

L 1 = (d-e 1 )(d-c 1 )(d-e 1 -c 1 )- 1 
Such a Lax operator possesses a Darboux-Backlund symmetry: 

Li->(d- e 1 )~ 1 L 1 (d - e x ) = (d - c x )(d -e x + c Xx /c x )(d - e x - c x + c lx /c 1 )~ 1 

which keeps its form unchanged and transforms e x , c x as follows : 

g(e x ) = c x , g(c x ) = e x -c Xx /c x , (2.16) 



5 



3 Hamiltonians and t2 Flow Equations in the Self- 
similarity Limit of the 2M-bose constrained KP 
hierarchy 

Second flow equation ( 12. 131) results in the following expressions for the Lax coeffi- 



j = l,...,M 

(3.1) 

, j = l,...,M 



Effectively, the action of the self-similarity reduction replaces df jdti with — {xf) x /2. 
Integrating all equations obtained through taking the self-similarity limit we find 



cients: 




9cj 


d 


dt 2 


dx 


d ej 


d 


dt 2 


dx 



/M-1 \ j 

'j + 2 e ■ = 2xej - e| - 2e, } ^ c i+1 J - 2^ e»Ci + Rj 

»=i V i=j / i=l ,„ „\ 



+ 2 c- = -2xcj + c 2 j + 2cj c i+ i + 2c,-e 



j 1 K i 



for j = 1,...,M and with integration constants >%,/%■ The above equations are 
Hamiltonian in a sense that : 

4 + 2X>; = ^. c' + 2f>; = -^ (3.3) 

i=l ■? i=j+l 3 

with 

M M M 

u m = - X e J c A e 3 + °j - 2x ) - 2 f • X/'^ ~ yL H J' j ( 3 - 4 ) 

j=l l<3<i<M j=l j=l 

Note, that the Hamiltonian %m defined in (13. 4 p satisfy 

dU M _ ( dU M , dU M ,\ dU M _ dH M _ ^ 
dx ~^V«9e ? ej+ 9c ? C V + dx " dx ~ Z 2^ e ^ W 

j = l 3 3 j = l 

as follows from the fact that the first two terms on the right hand side cancel. 
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It follows that equations (I3.2p can be rewritten as 

j-l / M 

e'j = 2xcj + Ax ^2(-l) j ~ k e k - e i f ej ; + 2 c k 

k=l \ k=j 

j-l / M \ 

+ J](-l)^ fc+1 e fc he k + 2c k + 4j2 c i) + h 

k=l \ l=k+l J 

M / M 

c'j = -2xcj +4x (-l) J " fc+1 Cfc + Cj Cj + 2e 3 + 2 c k 

k=j+l \ k=j+l 

M / M \ 

+ (-l) i_ *c* [2c k + 4e k + 4 c i )+ k j 

k=j+l \ l=k+l J 

for j = 1, . . ., M with appropriately redefined constants kj, kf 

M j-l 

Hij — kj ~\~ 2 ^ ^ k^, t^ij — kj ~\~ 2 ^ ^ kij j — X ; . . ^\/L 

i=j+l i=l 

Equations (I3.6l) - (l3.7p can be expressed as actions of two vector fields on 

e >. = E j (H M ) , Cj = Cj (H M ) 
where vector fields Ej, Cj are 

*-s<- i,m (£-£)■ *---£^-ii-^ 

We now can define the Poison brackets through 

{ ej , F} = Ej (F) , { Cj , F} = Cj (F) 
which results in a Poisson bracket structure : 

{ej , Cj} ~\~ 2Fj s i 
where Ejj is an element of strictly lower-triangular matrix and equal to: 



E 3,i 



i 1H ' j>i, 
j<i 



The equations of motion (l3.6p -f l3T7|) are reproduced through 

e'j = {ej , H M } , 4 = {cj , H M } ■ 



4 Connection to Higher Order Painleve Equations 
4.1 General Construction 

Let qi, pi, i — 1, . . ., M be canonical coordinates satisfying the canonical brackets 
{Qi, Pj} = Sij, {qi, qj} = = {pi, pj} , i = l,...,M. 

Relations 

i 

?i = /«, P< = 5^/2fe-i, i = l,...,M (4.1) 
fc=i 

define new variables /&, = 1,...,2M and map the canonical brackets into the 
following Poisson brackets : 

{fi,f i+1 } = l, {/i,/t-i} = -l, i = l,...,2M. 

We now propose a conversion table mapping e^Cj i = 1, . . .,M into a special set 
of canonical coordinates as well as Painleve variables fk,k = l,.. .,2M that will 
satisfy the higher order Painleve equations (11. ip . 
First, we list the result for ej i = 1, . . ., M: 

e M = qu + Pm + 2x H — = V" f 2i -i + f 2 M + 2x+ ^ M 

PM — PM-! , J2M-1 

i=l 

M-l 

e M-l = —PM-1 = _ /2i-l 
i=l 

= —qi — • ■ • — qM-2 = —J2 — ■ ■ ■ — J2M-4 
e A/ _ 3 = -Pm-2 + Pi = - fa ~ fs /2M-5 ( 4 -2) 



^2 — —fu-2 — fu 

ei = -/m-i = 



-9Af/2 - 9m/2-i M even 

"P(M+l)/2 + P(M-3)/2 M Odd 

■Pm/2 +PM/2-1 Af even 
-g (M -i)/2 Af odd 
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(4.3) 



and next for q i = 1, . . ., M : 

cm = ~Pm +Pm-i = —J2M-1, 
cm -1 — Pm — Pm-i ~ Qm ~ Qm-i — J2M-1 — /2M-2 — fiM 
cm -2 = Pm-2 + qi + <?2 H h qM-3 + <?a/-2 + 2q M -i + 2q M + 2x 

C M _ 3 = -PM-2 ~ Pi ~ qi ~ ?2 <?M-4 - 9M-3 ~ 2g M -2 

- 2g M _i - 2g A/ - 2a;, 

CAf-4 =Pl+ PM-3 + q2 H h <?Af-4 + <?A/-3 + 

+ 2g M _ 2 + 2g Af _! + 2q M + 2x 

CM-2k = Pk-1 + PM~k-l + 9fc + ' ' ' + (ZM-fc-1 + 2qM-k + 2qM-k+l + " " " 

• • • + 2g M _! + 2g M + 2z, fc = 1,2,3,... 

CM-(2fe-l) = — (Pfc-i + PM-fc + ?fc-i + • ■ ■ + qM-k-i + 2qM-k + ■ • • 
+2g A f-i + 2g A f + 2x) , fc = 2, 3, . . . 

Thus from eq. (14. 3 p it follows that 

{- (pm/2-i + Pm/2 + gjvf/2-1 + 2g A // 2 + • • • + +2q M + 2x) M even 
P(M-3)/2 + P(M-l)/2 + g(M-l)/2 ( 4 - 4 ) 
+2g (M +i)/2 + • • • + 2q M + 2x M odd 

The Hamiltonian defined in (13.41) reads in terms of qi,Pi, i = 1, . . ., M defined 
in equations (14. 2ft - (14. 31) as follows 

M 

PjQj (Pj + Qj + 2x ) + 2 Yl p M qi 

j=l l<j<i<M 
M M / j 

- a2 i p j + q A a<ik ~ x 

j=l j=l \k=l 



(4.5) 



in agreement with reference [TT]. The corresponding Hamilton equations: 

M \ i-l 

— = r>: I r> ; -4- 9 



Pi = = Pi \Pi + 2 Yl q i + 2x + 2 Y^Vi q i + S Q;2 ^- 1 



<9H 



3=» / 3=1 3=1 

Ci2i 



-qi \2pi + qi + 2^2qj + 2 ^j + 



are equivalent to the higher Painleve equations as given in equation (II .ip with 
identification of variables provided by relation (14. ip . 

In the following subsections of this section we will illustrate the above general 



result for M = 1,2,3. 
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4.2 The case of M = 1 and Painleve IV Equations 

For M = 1 the equations f l3.6p - fl3.7l) take the form of the Levi system : 

ei = 2xe 1 - (e 1 + 2c 1 )e 1 + fa ^ 

c[ = —2xcx + (ci + 2ei)ci + fa , 

which is kept invariant under transformations (I2.16P when accompanied by trans- 
formations g(fa) — 2 — fa, g (fa) = —fa of integration constants. Note that eqs. 
(14. 6 P are Hamiltonian in the following sense 

' ^! r -17 1 ' ^Ul f -17 1 

ei = -T^- = {ei,Ui}, c x = —fe- = {ci,Ui\ , 

where as follows from the previous subsection : 

Hi = 2xe\C\ — e\ci — eic\ + k\C\ — fae\, {e 1 , ci} = 1 . (4.7) 
Also we derive from 

9Ui „ 

= 2eici 

ax 

that 

Hi ia . = 2e[ci + 2eiCj = 2e\ci — 2c^ei + 2A4C1 + 2fae\ 

and 

2 ("Hi — xHi x ) = 2 (— e\ci — c\ei + A4C1 — fciei) 

Accordingly, 

Hi„ + 2 (-Hi - a^i a ) = 4ci (eici - fa) = 2 Cl - 2^) 

and 

Wi M -2(Hi- xH lx ) = 4ei (dd + fci) = 2e x (H lx + 2fa) . 
Thus, "Hi satisfies the Jimbo-Miwa equation [7] of Painleve IV system: 
CH lxx + 2 (Hi - xHix)) (n lxx - 2 {U x - zft 1(B )) = 2ft lai (ft lai - 2fa) CH lx + 2fa) 

Connection of M — 1 example (14. 6 p to symmetric Painleve IV set of equa- 
tions 

fox = /o(/i - /2) + "o 
fix = /1C/2 - jo) + «i 

/2x = /2C/0 - /l) + "2 

with a + «i + «2 = — 2 can be made explicit by setting 

ft = -ci, /»+i = — e x + — /t+2 = ei + ci - — - 2x, a { = fa, a i+2 = - fa 

for z = 0,1,2 and with the Darboux-Backlund transformation g defined in (I2.16P 
and accordingly mapping /j to f i+ i, a, L —> — a i+ i and a i+2 — > cti + cti+i- This is 
consistent with realization of g as g = iTSi for % = 0,1,2, where generators Sj of the 
affine Weyl group act as Sj(aj +2 ) = «i + «i+2- The above solutions together with 
the idea of introducing permutation symmetry of the extended affine Weyl group 
by associating f^s to any of the solutions of the Levi system was discussed in 

ED- 
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4.3 The Four-Bose system and A^p Painleve Equations 

We now consider a four-boson case with M = 2 and (c^, £k)\ =1 subject to equations 



e\ = 2xei - (ei + 2c x + 2c 2 )e 1 + k\ 

e 2 = 2xe 2 - Axei - (e 2 + 2c 2 )e 2 + (2ci + 2ei + 4c 2 )ei + A; 2 
4 = -2xci + 4xc 2 + (ci + 2ei)ci + (2ci - 2c 2 - 4e 2 )c 2 + k x 
c' 2 = -2xc 2 + (c 2 + 2e 2 )c 2 + k 2 

as follows from equations (j3.6p — (I3.6p . The corresponding Hamiltonian is 

2 

H 2 = -eici (ei + ci + 2c 2 ) - e 2 c 2 (e 2 + c 2 ) + 2x 2J 



i=i 



e 



The symmetry transformations (12. 141) - (12.1 51) read here : 



c 

g(e 2 ) = ei + c 2 , 5f(ei) = e x - e 2 + c 2 + ci + — (4.12) 

c 2 



ei + e 2 - c 2 - ci - ^ 

5'(c 2 ) = -ei + e 2 £ , g{c 1 ) = e 1 

c 2 



(4.8) 



(4.9) 



- k 2 e 2 + kici - (fei + 2A; 2 )ei + (k 2 + 2k 1 )c 2 . 
We find that in the case of M = 2 the vector fields Ej,Cj, i = 1, 2 are 

-^1 — — , -C'2 — 7; ^7; — , W — ^7^ Tj — j ^2 — ~ Tj — 

ac 1 ac 2 ac 1 ae 2 ae 1 ae 2 

and according to (13. 10|) they lead to the Poisson brackets : 

{ei,d} = l, {ei,c 2 } = 0, {e 2 ,ci} = -2, {e 2 , c 2 } = 1 (4.10) 
consistent with equations of motion (14. 8 j) through the Poisson brackets : 



;. = { ej ,7/ 2 }, c '={ Cj ,-H 2 }, j = 1,2. (4.11) 



-ei + e 2 - c 2 - ci - ; 

which keep equations (14. 8 p invariant for : 

g{k x ) = -2 + h + 2k 2 , g{h) = 2-\-k 2 -k x - 3k 2 , 

g(k 2 ) = 2 - h - k 2 , g{k 2 ) = -4 + 3h + 2k 2 + 2k x + hk 2 . (4.13) 

In order to see the meaning of this transformation from the group theoretic point 
of view we cast equations (14. 8 p into the symmetric A4 Painleve equations: 

fi = M+i - fi+2 + f i+3 ~ fi+d +on, 1 = 0, . . . , 4 (4.14) 
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h 


= -ei 


h 


= g(h) - 


h 


= -c 2 


h 


= g(h) - 


fo 


= -h - 



with conditions h — fi+5 an d Ylt=o «j = — 2. We propose the following identification 

ei - e 2 + c 2 + ci H = -ei - e 2 - Ci - 2c 2 + 2x 

c 2 / c 2 

Co \ fc 2 

-ei + e 2 = ei + e 2 + c 2 - 2x H 

c 2 / c 2 

h ~ h ~ 2x = e 1 + ci + 2c 2 - 2x 

and 

cti = — fci, a 2 = 2 — /ci — /c 2 — /ci — 3A; 2 
«3 = &2, a 4 = -2 + A;i + A; 2 

4 

a = -2 + oii = -2 + ki + k x + 2A; 2 . 

i=l 

Alternatively we can write relations between e^, q, i = 1,2 and h, z = 0,l,...,4as 

ei = - A, e 2 = -h - h + f'J h = - fo ~ h + ? 

h (4.15) 

c\ = h- h- h, c 2 = -/ 3 

in agreement with equations H4.2[) and (14. 3p . Accordingly one can rewrite the g- 
transformation from (14. 12j) as 

g(h) = h, g(h) = h 
g(h) = -h + h + h-^ + §- 

a 4 a 2 (4.16) 
— J3 — t~ + -f 

J4 J2 

9(h) = h + h-h+ f -f = h + ^- 

U J4 

Comparing with definitions of transformations Si, % = 1,2, 3,4 (see f.i. [10J) we see 
that expression for transformation g from (14. 12ft - (14. 131) agrees with 

g = 71 S i + 7TS 3 — 71 

as applied on both /'s and a's. 

More generally, associating —e x and — c 2 to f and f i+2 , respectively, with i taking 
all the values i = 1, 2, 3, 4 we obtain identifications: 

g = TTSi + rrs i+2 - n = g { 

for each realization, where Si are generators of the affine Weyl A± . This relates g 



with Si + s i+2 and by varying % over all its values makes possible to recover all the 
affine Weyl generators s« from one Darboux-Backlund transformation g. For 
instance sj = (-/ + n(g 1 + g 2 + g 3 - go ~ 9i))/2. 
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4.4 M = 3 Bose System and the symmetric Aq Painleve 
Equations 

For M = 3, equations (I3.6I) -( 13~T1) become 
e[ = 2xe x - (e x + 2c x + 2c 2 + 2c 3 )ei + k x 

e' 2 = 2xe 2 - 4xei - (e 2 + 2c 2 + 2c 3 )e 2 - (— 2c x - 2e x - 4c 2 - 4c 3 )ei + fc 2 

e 3 = 2xe 3 - 4xe 2 + 4x ei - (e 3 + 2c 3 )e 3 - (-2c 2 - 2e 2 - 4c 3 )e 2 - (2c x + 2e x + 4c 2 + 4c 3 )e! + k 3 
c[ = -2xc x + 4xc 2 - 4xc 3 + (ci + 2e l )c l + (2c x - 2c 2 - 4e 2 )c 2 + (2c x - 4c 2 + 2c 3 + 4e 3 )c 3 + k x 
c' 2 = -2xc 2 + 4xc 3 + (c 2 + 2e 2 )c 2 + (2c 2 - 2c 3 - 4e 3 )c 3 + k 2 
c 3 = -2xc 3 + (c 3 + 2e 3 )c 3 + k 3 . 



(4.17) 



These equations are Hamiltonian as in eqs. fl3.3p with 



H 3 = 2 x e x ci + 2 x e 2 c 2 + 2 x e 3 c 3 - e x c x (e x + c x + 2 c 2 + 2 c 3 ) 

- e 2 c 2 (e 2 + c 2 + 2 c 3 ) - e 3 c 3 (e 3 + c 3 ) +I1C1 + (& 2 + 2 c 2 (4.18) 
+ (k 3 + 2 k x + 2 k 2 ) c 3 -(k 1 + 2k 3 + 2 k 2 ) e x - (k 2 + 2 k 3 ) e 2 -k 3 e 3 . 

The symmetric Aq Painleve equations 

Si = Si(Si+i - /,+2 + /,+3 - /,+4 + / i+5 - Si+e) +a i} t = 0,l,2,...,6, (4.19) 
with condition /j = / i+7 and with 



So = -Y,Si-2x 



are satisfied by 



So = ei + e 2 + c 2 + 2 c 3 - 2 x 
/i = ei + ci + 2 c 2 + 2 c 3 - 2 x 
/a = ~e x 

S3 = -e 2 - ei - ci - 2 c 2 - 2 c 3 + 2 x 

c' 

A = -e 2 + e 3 - c 2 - c 3 - — 

9 ^ ^3 (4-20) 
= -e 2 - e 3 - c 2 - 2 c 3 + 2 x 

c 3 



/5 = ~ c 3 



/e = - e 3 - e 2 - 

V c 3 

^3 

= e 2 + e 3 + c 3 - 2 x H 

c 3 
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Furthermore 

a = -2 + k 2 + 2 k 3 + k 2 + kt = -2 + k 2 + R 2 - Rt 
a x = -2 + ki + 2 k 2 + 2 k 3 + fc x = -2 + Ki + « x 
a 2 = — ^i = — R\ 

a 3 = 2 — k\ — 2k 2 — 2k 3 — k 2 — k\ = 2 — K\ — R 2 + R\ 
a A = 2 -k 2 - k 3 - k 2 - 3k 3 = 2 - R 3 + R 2 - k 2 - k 3 
a 5 = k 3 = k 3 

a 6 = -2 + k 2 + k 3 = -2 + R 3 - R 2 

in terms of objects ej, Cj, fc,, fcj, z = 1, 2, 3 from M = 3 equations (14.171) . 

The logic of deriving the above association is as follows. We initially set f$ = 
jW-i = —cm = —c 3 and fa = f 2 M = ^(/s)- This is suggested by equation of motion 
for cm which has the unique 2xcm term on the right hand side making it a good 
candidate for fi, since Painleve equations have this structure after elimination of 
/o- But equations of motion for f 5 and f$ after elimination of fo only involve sums 
fi + ^3 an d f 2 + ik, respectively. Therefore these quantities are derived from these 
equations to be f 1 + f 3 = -e 2 = ~^m -i and f 2 + f 4 = g(f 1 + f 3 ) = -g{e 2 ). Next, 
we turn into equation for fi in (I4.19p . which we rewrite as 

f[ = fi (-2 ei - 2c 3 - 2c 2 + 2x + h) + a x 

after we substituted f 5 = —c 3 , fi + f 3 = — e 2 and f Q = —(f 2 + f^) — e 3 — k 3 /c 3 and 
the values for f 6 and f 2 + / 4 determined previously by g transformations. We find 
that the solution to these equations is given by 

/i = e x + ci + 2c 2 + 2 c 3 — 2 x 
at = 2 + fci + 2 k 2 + 2k 3 + k x 

From that result we derive f 3 as — e 2 — f\ and from eq. for f 3 we derived f± and 
h = ~ e i- 

Applying similarity transformation (12. 2p 

L 3 (9 - e 3 )- 1 L 3 (<9 - e 3 ) 

on the Lax operator obtained from (I2.1(jp by setting M = 3. 

c ' 

#(e 3 ) = e 2 + c 3 , flr(ca) = -e 2 + e 3 - — 

c 3 

d. 

a(e 2 ) = ei + e 2 — e 3 + c 3 + c 2 H — - 

yi ; c 3 (4.21) 

( -e 2 + e 3 - 

g(c 2 ) = -e x + e 2 



y-e 2 + e 3 -c 3 -c 2 - 
(-e 2 + e 3 - c 3 - c 2 - J J 



in addition to 



3 



(ei + c 2 + c 3 ) = > q . 



z=i 
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These Backhand transformations amount to the following transformations when 
applied on /j : 

g(h) = h - 9(h + h) = f2 + h 



f 



■I 



g{fo) = fi, g(fd = fc + ^r -°" 



g(fe) = fe, g{h) = fo + ^r 



fi fe 
h 



which agrees with the action of 



g = 7TS5 + ITS3 — 71 (4.22) 



as applied on fi and ctj. 

Now the Backlund transformation of c\ is equal to 



g fa) = ei - toW +»(,■*)-'■ -«■-■>)' (4.23) 

g{c2) +g{c s ) - ci - c 2 -c 3 



in terms of 9(02) and g(cs) from eqs. f)4.2ip . 
In terms of /, and a^s it takes a form 



9 (ci) = -/a - 



/3- /J 



— —Ji — h — Je + Jo + J5 + 7 t 

This gives rise to the following transformation of fx: 

a 3 + a 4 



g(fi) = h 



f Ct4 



Thus representation of the Backlund transformation g in terms of generators of the 
extended affine Weyl group from (I4.22p needs to be augmented as follows: 

g = 7TS 5 + 7TS 3 - 7T + S 4 (tTS 2 - 7r) = 7TS 5 + 7rS 3 S 2 — 7T 

as applied on fi and aij. 

By generalizing eq. (I4.20p by substituting i — 5 with arbitrary i between and 
M one obtains 

g { = TTSi + TTSi_ 2 Si-3 ~ 7T, £ = 0, 1, . . . , 6 

/t = -cm 

providing a scheme to reproduce all generators so, Si, . . . , Sq of the affine Weyl group 
of A f by one Backlund transformation g. 
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5 Reduction of M = 2 case. Painleve V 

We will follow reference [3] and perform a Dirac reduction of M = 2 case (see 
subsection I4.3[) , by redefining variables as follows : 

(ei, ci, e 2 , c 2 ) -> (ei = e 1? ci = ci, e 2 = (e 2 - c 2 )/2, c 2 = (c 2 - e 2 )/2) , 

which is equivalent to setting a second-class constraint 

c = c 2 = -e 2 

with the Dirac bracket: ^ 

{ c > c } = 2 <J *( ac- 2') • 

The self- similarity reduction applied on the resulting t 2 evolution equations (13.1 ft 
yields 

-2xa = c[ + 2d -c\- 2eiCi - 2c x c + fci (5.1) 
— 2xei = — e[ ~ el — 2e\C\ — 2ei c + ki (5.2) 
— 2xc = ej + t\C\ + k . (5.3) 

Eliminating c and Ci from equations (15. ip ~ (15. 3p yields the following expression for 
y = e x /2x : 



1 , f 1 1 \ 2 "2/ 

2/ Z2 = Vz + [jr- + 7T7 7T l/« ~ 



V2y 2^-1);^ * 2 fo-l) 

- ly(y - 1) - *y(y - l)(2y - 1) 

z l y z 



(5.4) 



with constants 



a = -(k + l)(k + ^ + 1) + — = -(k + l + — 
8 32 8 V 2 



(5.5) 



32 8 V 2 / 2a 2a 2 



after a change of coordinate a: — > z such that z = ax 2 . 

The above equation takes on a conventional form of the Painleve V equation for 

w = y/{y ~ i) an d 5 = — 1/2. 

To study the Darboux-Backlund transformation of the Painleve V system we 
perform the similarity transformation 

L (d + cy 1 L(d + c) 

on the Lax operator for the reduced 4-boson system [3]. This induces the following 
transformations for variables of the reduced subspace: 

g(e 1 ) =e 1 + c 1 + 2c 

(ci + e x + 2c)' 

o( Cl ) =e x — — — 

ci + ei + 2c 

2 (c) = -d - c 
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It follows that g transforms the constants k, k%, k\ as 



g(k) =-k-h 

gfa) = k 1 + k 1 + 2k (5.6) 
g(h) = h-2 

Next, applying this transformation to solution w = y/(y — 1) of a conventional 
Painleve V equation yields 



2zaw 

9{w) = 1 w~ 



F = +zto, - -w 2 ( fc + 1 + y ) + w ( -(A; + 1) + za ) + T A:i 



In terms of quantities 



1 f, 1 k A 1 r 
° g= 2 V T ' ' % = 71 



with properties 

c 2 = 2a, a 2 g = -2(3 
the function F from relation (15. 7p can be rewritten as 

F = +zw z - w 2 c g + w (c g - a g + za) + a g 

in complete agreement with [5], [6] . 



(5.7) 



6 Outlook 

We have here derived the higher order Painleve equations by taking self-similarity 
limit of the special class of integrable models and shown how the extended affine 
Weyl groups An symmetries are induced by Backlund transformations generated 
by translations on the underlying "half-integer" Volterra lattice. The Hamiltonian 
of the integrable model reduced by the self-similarity procedure has been explicitly 
shown to transform under change of variables into the Hamiltonian for the higher 
Painleve equations. In the forthcoming publication we plan to provide explicit 
proof for formulas governing such change of variables and include in the formalism 
the Painleve equations with the extended affine Weyl groups A < ^_ 1 symmetries. We 
will also employ a link between on the one hand integrable hierarchies and on the 
other hand higher order Painleve equations to derive the corresponding higher order 
Painleve hierarchies. 
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